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Introduction

Notation

Parameter of interest: 9= (¥1,...,%) €O CRF
Data: XeXx

Thresholds : (015...,01) € ©

Hypotheses: H;:9; <, iecl=A{1,...,k}

Corresponding p-values : p; = pi(X), i €1
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Introduction

The Closure Principle

Construct level-a tests for all intersection hypotheses

HJ:ﬂijith(Z);éjgl
jelJ

Reject H;, iff all Hy with i € J can be rejected.

Such closed test procedures control the familywise error rate
(FWER) at level a.
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Introduction

A Class (B) of Bonferroni Based Closed Tests

Basis: Local a-levels a;(J) > 0, i € I, J C I with

Zai(-]) S a, J gl‘
i€l

An intersection hypothesis Hj is rejected, if

min(p; — o;(J)) < 0.

min(p; — 5(J)) <
Bonferroni’s inequality ensures the control of the FWER at level a.
Closure test: Reject all those hypotheses H; with

max min(p; — o; <0
Ji€JCI jEI (b = o5()) <
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Simultaneous Compatible Confidence Bounds

Let R = R(x) be the index set of rejected hypotheses H;

R={iecl: max min(p; — o <0
{ie Jg:i)éjjell(p] a;(J)) < 0}

Problem: Find lower confidence bounds L; = L;(X), i € I,
such that

Py(Li(X) < ¥, foralliel) >1—
and

Vx e X : iER(x) :>L,-(x) > 6.
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The Problem

Examples

(Single-step) Bonferroni test
R={i:pi < a/k}
Local o levels: a;(J) = a/k, i €1, J C1I

(Step-down) Bonferroni-Holm test
Ordered p-values: p(1) <pp) < -+ <pw
R = {(l) H maszl,___,,-(k —] —|— 1)p(i) S a}

o/lJ| i€,

Local a levels: o (J) = { 0 else

Simultaneous confidence bounds?
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Construction Principle

Construction Principles
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Basis: p-Value Compatible Local Confidence Bounds

For the construction of simultaneous confidence bounds one
needs local, lower confidence bounds L!(a’) = L{(X, o)
fulfilling:

Foralli € ITand o’ € [0, «] it holds,

Py(L{(X,a') < ¥) >1—d,

Vx € X : Li(x,a’) > 8§ < pi(x) < .
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Compatible Confidence Bounds
for Bonferroni Based Closure Tests

Compatible confidence bounds for multiple tests in B can be
constructed as follows:

minjej,igj max{di,L{(ai(J))} ifi e R
L, =
minye 7.y L (ci(J)) ifi € I\R,

where
J={JCI: min (p; — aj(J)) > 0}.

J € J < intersection hypothesis H; can not be rejected
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Compatible Confidence Bounds

The Subclass (SCB) of so Called “Short-Cut*
Procedures

Hommel, Bretz und Maurer (Stat. Med. 2007) showed

that there exists an easy implementable short-cut for all
procedures in B with

ai(J) < oi(J)) foralli e rand all J, J' withi € J' CJ C I.

Examples: (weighted) Bonferroni-Holm test, Test of apriori
ordered hypotheses, Fallback and Gatekeeping procedures.
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Simplified Confidence Bounds for Short-Cut
Procedures

Simultaneous compatible confidence bounds for multiple tests
in SCB reduce to:

{ min;cp g max{d;, L!(c;(J))} ifi ER,
L= -

L!(ci(I \ R)) ifi € I'\R.
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Compatible Confidence Bounds

Further Reduction for “a-Exhaustive Multiple Tests"
Necessary condition for maximizing the number of rejected
hypotheses:

a;(J) =0, foralli,Jwithi g Jand @ # J C I.
Reduced confidence bounds:
max{d;,L!(c;(0)) ifR =1,
Li=1{ & ifi € R#I,
Li(ci(I\R)) ifi e I'\R.

In case of i € R # I the lower bound L; only reflects the test
decision ¥; > 6;.
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A Numerical Example

Observations: X =(X1,X2,...,X5), Xi ~N(9;,1)
Hypotheses: H;:9;<0,i=1,...,5

FWER: a=5%

p-Values: pi=1—®(X;)

Loc. conf. bounds: L/(a') = X; — uj—o

i 1 2 3 4 5
x;  4.261 3.530 2.252 0.417 —1.338
pi 0.00001 0.0002 0.0122 0.338 0.910
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(Single-step) Bonferroni Test

Local levels: a;(J) = 0.01, i €1, J C 1

i 1 2 3 4 5
X; 4.261 3.530 2.252 0.417 —1.338
pi  0.00001 0.0002 0.0122  0.338 0.910
a/k  0.01 0.01 0.01 0.01 0.01
L; 1.935 1.203 —0.074 —1.909 —3.664

Rejected hypotheses: R = {1,2}

Confidence bounds: L; = x; — uy_q/5 = x; — 2.326
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(Step-down) Bonferroni-Holm Test

Local levels: a;(J) = 0.05/|J|, ie€l, JCI

i 1 2 3 4 5
X; 4.261 3.530 2.252 0.417 —1.338
pi  0.00001 0.0002 0.0122 0.338 0.910
afi 0.01 0.0125 0.0166  0.025 0.05
L; 0 0 0 —1.543 —3.298

Rejected hypotheses: R = {1,2,3}
Confidence bounds: a;(I \ R) = a/|I \ R| = /2

. 0 ifi € R
=L =
’ Xi— 1 o =% —1.960 ifi € I\R
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Comparison of Single-step & Step-down Confidence

Bounds
i 1 2 3 4 5
Single-step L; 1.935 1.203 —0.074 —1.909 —3.664
Step-down L; 0 0 0 —1.543 —3.298

Step-down versus single-step bounds / Assets and drawbacks:
(+) H3 can be rejected by the step-down procedure.

(+) (moderate) larger confidence bounds for 93, 94 and 95

(=) much smaller confidence bounds for 9, and 9,
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