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The Variable-Ratio Intervals for Better Sign Determination

Rectangular acceptance regions whose aspects-ratio is changing are in-
verted to form confidence set/intervals that are uniformly shorter than the
conventional two-sided intervals for many situations.

The resulting intervals were uniformly shorter than those of Ben-
jamini & Stark (1996). Still the resulting intervals could not compete
with the conventional two-sided intervals when all {µj}nj=1 where
close to zero.
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The Quasi-Conventional intervals Intervals for Better Sign Determination

Rectangular acceptance regions with minimal incursion to the nega-
tive(positive) sides (and length constrains) inverted to form more pow-
erful confidence intervals than the two-sided conventional intervals. Not
necessarily symmetric rectangles!
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Are the Intervals Valid under Dependency?
When is a rectangular acceptance region conservative for
Xj ∼ N (µj , σj)? a

(1) For symmetric regions, Šidák’s inequality (1967):
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⇒ The Variable-Ratio intervals are conservative.

(2) For one asymmetric side (proof below),
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? In

the case of the Quasi-Conventional intervals: aj + bj ≡ C ∀j.

aaj , bj ≥ 0 ∀j.
MCP2007Inequalities for Multivariate Normal Probabilities of Nonsymmetric Rectangles – p. 4/12



Outline of the Proof for the Asymmetric Inequality

For simplicity, assume that µj = 0 and σj = 1, and denote
P ≡ Pr (−a1 ≤ X1 ≤ b1, |Xj| ≤ bj , j ≥ 2).

Using the symmetry of the region
n
×
j=2

[−bj , bj ] we can write:

P =
1

2
Pr (|X1| ≤ b1, |Xj | ≤ bj , j ≥ 2) +

1

2
Pr (|X1| ≤ a1, |Xj | ≤ bj , j ≥ 2) .

Applying Šidák’s inequality on both summands:

P ≥
[

1

2
Pr (|X1| ≤ b1) +

1

2
Pr (|X1| ≤ a1)

] n∏

j=2

Pr (|Xj | ≤ bj) ,

and use symmetry again,

1

2
Pr (|X1| ≤ b1) +

1

2
Pr (|X1| ≤ a1) = Pr (−a1 ≤ X1 ≤ b1) .
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Conservatism Under Dependence - the bivariate case
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Conservatism Under Dependence
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The Bivariate Case

For X1, X2 ∼ N (0, 1) with ρ = Corr(X1, X2), if aj ≤ bj , j = 1, 2.

1. For ρ ≥ 0,

Pr (−a1 ≤ X1 ≤ b1, −a2 ≤ X2 ≤ b2)

≥ Pr (−a1 ≤ X1 ≤ b1) · Pr (−a2 ≤ X2 ≤ b2) .

2. Pr (−a1 ≤ X1 ≤ b1, −a2 ≤ X2 ≤ b2) gets its minima for

ρ ∈
[
max

{
− b1−a1

2a2
,− b2−a2

2a1
,−1

}
, 0
)

. This lower end is very close to

the true value ρmin.

For general n, under positive common correlation coefficient we have
exchangeable r.v. Hence, by Tong (1977), if Cov(Xi, Xj) = ρ, ∀i < j, then
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n=3 - Estimated 1−level. vs the geom. mean of |ρij |

Figure 1: Probability 1-α of test under independence for 3 correlated standard normals
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An Extension to Elliptically Contoured Distributions

Das Gupta et al (1972) extended Šidák’s inequality for elliptically
contoured distributions(studentized t, logistic, ...):
Theorem 1 (Das Gupta et al (1972)) Suppose that (Z1, Z2, · · · , Zn)
have multivariate elliptically contoured distribution and an nonsingular
correlation matrix R = {ρij}. If C is a symmetric set in <n−1, then for any
b > 0,

Pr (|Z1| ≤ b, (Z2, · · · , Zn) ∈ C) ≥ Pr (|Z1| ≤ b) · Pr ((Z2, · · · , Zn) ∈ C) .

Considering the symmetry of the joint probability inside C:
Theorem 2 Under the assumptions of Theorem 1. For any a, b > 0,

Pr (−a ≤ Z1 ≤ b, (Z2, · · · , Zn) ∈ C) ≥ Pr (−a ≤ Z1 ≤ b)·Pr ((Z2, · · · , Zn) ∈ C) .

Result 1 Letting a1 →∞ we obtain:

Pr (Z1 ≤ b1, (Z2, · · · , Zn) ∈ C) ≥ Pr (Z1 ≤ b1) · Pr ((Z2, · · · , Zn) ∈ C) .

All inequalities also hold for singular correlation matrix (Šidák, 1967).MCP2007Inequalities for Multivariate Normal Probabilities of Nonsymmetric Rectangles – p. 10/12



Results for General Asymmetric Rectangles

Monte-Carlo study (for 0 < aj ≤ bj = C − aj) show:

(1) For positively associated normals (ρij ≥ 0, ∀i < j)

Pr

(
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j=1

{
−aj ≤

Xj − µj
σj

≤ bj
})
≥
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Pr

(
−aj ≤
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)

= 1−α;

(2) For non-positively associated normals - negligible liberalization.
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