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Introduction
Notation & Definition of FDR
© parameter space
Hy,...,H, null-hypotheses; p, ..., p, p-values
©my = (@1, .., ©,) multiple test procedure
V, =|{i: ¢; = 1 and H; true }| = number of true hypotheses rejected

R, = |{i : i = 1}| = number of hypotheses rejected

FDRy () = Es[z27] actual FDR given 9 € ©

Definition. Let « € (0, 1) be fixed.

¢y controls the false discovery rate (FDR) at level « if

FDR(¢()) = sup FDRy(¢()) < .
YeO
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The FDR-Theorem: Benjamini & Hochberg (1995)

H;truefori e I,, H; false fori € I,
Lo+ Lii=1,={L,...,n}, ny =Ly
pi ~ U([0,1]), i € I, 0, independent

(pi 2 i € L), (pi : i € I,,1) independent

Pin < -+ < pu., Ordered p-values

Linear step-up procedure @LSU based on Simes’ crit. val. a;,, = ia/n:

Reject all H; with p; < a,.,, Wwhere m = max{i : pi., < @}

Then
no
|=—«a

FDRq (e LSU) _Eﬁ[R V1 n
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Linear step-up in terms of ecdf

Let F,, denote the empirical cdf (ecdf) of the p-values, that is,
1 n
Fu(t) = " Zl[o,z](l?i)-
i=1

Rejection curve: Simes-line defined by r(r) = t/c.

Define
" =sup{r € [0,a] : F,(t) > r(t)}

and reject all H; with p; < ¢*.

Call * the largest crossing point (LCP).
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Simes-line and ecdf, o = 0.1

XiNN(M,',l),H,'Z,Ll,i:O,izl,...,n,
n =50, ny =40, ¢, :}’lo/l’l:O.S, X; NN(2,1) fOI’iEIn’l

0.37 :—

& -

0.14 ﬂ:
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Introduction

FDR-control under Dependency

e Benjamini, Y. & Yekutieli, D. (2001). The control of the false
discovery rate in multiple testing under dependency. Ann.
Statist. 29, 1165-1188.

e Sarkar, S. K. (2002). Some results on false discovery rate
in stepwise multiple testing procedures. Ann. Statist. 30,
239-257.

FDR-control for special dependent test statistics:

no
< =
FDR&(QD(n)) = «

Key assumptions: MTP, or PRDS
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Linear step-up-down procedure (LSUD), Sarkar 2002

LSUD with parameter \ <€ [0, a]:

(1) Fu(A) > r(N) = =inf{p; > X : F\(pi) < fo(pi)} (SD-part).

Reject all H; with p; < r*.

(2) Fu(N) < r(N) =t =sup{pi < X\ : Fu(pi) > fo(pi)} (SU-part).
Reject all H; with p; < r*.

Remark: SU for A\ = o« and SD for A =0
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Proof: FDR-control for SU, SD and SUD (., = jo/n)

FDRy(¢)

ZIA

ZIN

(i)

Va

7R, v1

ZZ Py(R, = j,pi = 1)
i€l jEl,

ZZ[ nga]n) P19(R _]|pl§a]n)
i€l 0 jEl,

9(Ry = | Pi < Qi)

i€ly0 jEl,

Z [al:n Pﬂ(Rn Z 1 |Pz § al:n)
i€lyo

- (0% (6]
j:n j—1:n .

+ Z; (; - ]]_1) P19(Rn Z] |Pz S aj:n)]
no L _J
w e DD
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Proof: FDR-control for SU, SD and SUD (., = jo/n)

ad (i): "="holds if p; ~ U(0,1),i € I, 0.
ad (ii): "<” holds if

(1) Vi€lo:Py(R,>j|pi <t)isnon-increasingint € (0, a;.,].
@ is a LSU-test,
=" holds if Piy i € L0, iid,
(pi € o), (pi :€ I,,1) independent.

ad (iii): (iii) holds if Vi € I : Py(R, > 1|p; < ap) = 1.

Note: MTP, or PRDS implies (1).
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A Proof of FDR-Control
Condition (1)

Condition (1) is the most important assumption and applicable
for SU- and SUD-tests.

(1) Viel,p:Py(R, >j|pi <t)isnon-increasing in t € (0, o).

Suppose that the p;’s , i € I, o are iid uniform

and (p; :€ I,0), (pi :€ I,1) are independent.

Then, we have for SU-tests that
Viel,o: Py(R, >j|pi <t)isconstantin z € (0, aj..].
For SUD-test,

Py(R, > j | pi <1t)is typically decreasing in r € (0, aj.].
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Critical value functions and rejection curves

Question

What happens with the FDR if we use

non-linear critical values / a non-linear rejection curve

for a SU- or SUD-procedure of order \ < 1 ?
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Critical value functions

Let p: [0, 1] — [0, 1] be non-decreasing and continuous with
p(0) = 0 and positive values on (0, 1].
Define critical values
ajy = p(i/n) € (0,1], i=1,...,n.

We call p a critical value function.
Define r by

r(x) = inf{u € [0,1] : p(u) = x} for x € [0,1] (with inf() = o0).
We call r a rejection curve.

Often: r(x) = p~!(x).
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SU based on p

From Benjamini and Yekutieli (2001) we get the following.
Consider a SU-procedure based on p.

If p(x)/x is non-decreasing in x € (0, 1] and if the p;’s under
the nulls are iid uniform and independent of the alternative

p-values,
then the FDR is largest if p; = 0 a.s. for all alternative

p-values,
i.e., Dirac-uniform configurations are least favorable (LFC)
for the FDR.
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SU FDR-bounds
FDR bound for SU
Let ¥ € © such that ny = |I,, | = number of true nulls.
I,’h0 =10\ {io} for some iy € I, 0.

Then the FDR of the SU-test go( )p based on p is bounded by

sU,p p(Ru/n)
FDR#(‘P( ) ) < *IEI;0 [ Ru/n |’
with " =" for the Dirac-uniform configuration.
Moreover, if
R,
lim ¢ —gand hm =% a.s. (w.r.t. DU),
n—oo n

then the FDR is asymptotically bounded by

00
¢
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ldea: Optimize p for a SU procedure

Try to find a p such that
209  ingc, )
¢

for as many (’s as possible !

In other words, try to find a SU-test such that the FDR-level « is
(asymptotically) exhausted under DU-configurations.

Solution:
In the next talk by Thorsten Dickhaus.
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SUD FDR-bounds

FDR bound for SUD(\)
Let ¢ € © such that np = number of true nulls.
Lo =1Ino \ {io} for some i € I, 0.
Then the FDR of the SUD-test @?:)D,p based on p is bounded by
sup,py 10 p(R n/”)
FDRy(p(y) < ~'Ey, [ R

This bound is not sharp for SUD (A < 1).

However, if

R,
lim n—_(and hm — =1¢ a.s. (w.r.t. DU),
n

n—oo n

then the FDR is asymptotically sharply bounded by
gp(vc)
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Now: Optimize p for a SUD procedure

Try to find a p such that
209  ingc, )
¢

for as many (’s as possible !

In other words, try to find a SUD-test such that the FDR-level «
is exhausted under DU-configurations.

Solution:
In the next talk by Thorsten Dickhaus.
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SUD FDR-bounds

Optimal procedure ?

Does there exist an

asymptotically optimal rejection curve ?

Does there exist an

asymptotically optimal SU- or SUD-procedure ?
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Which rejection curve is optimal ?
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Which rejection curve is optimal ?

There are so many other curves r: [0,1] — [0, 1] !
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