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• GOAL:  
Quickly implement many non-parametric permutation 
tests, even when one sample in a pair is large, with 
maximum power under conventional Monte Carlo

• WHY MANY TESTS &/OR ONE LARGE SAMPLE?
– “Parity Testing” in Regulatory Telecom OSS Reports
– Medical studies using MRI data
– clinical trials with large controls and many and smaller 

studies
– Any multiple comparisons context requiring 

permutation-style p-value adjustments of permutation 
test p-values (and thus, computationally intensive 
nested sampling loops)

1. Goal and Rationale
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• WHY CONVENTIONAL MONTE CARLO? 
– Faster, more efficient sampling techniques 

(e.g. various methods of importance 
sampling) are not always implementable

– when such methods can be implemented 
but their results are suspect, conventional 
Monte Carlo can be a useful verification

• WHY MAXIMUM POWER? 
– best test, all else equal

1. Goal and Rationale
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• PROC PLAN, PROC MULTTEST, PROC 
NPAR1WAY, & PROC TWOSAMPL® can 
sample without replacement within a sample, 
as required of permutation tests

• None can sample without replacement across
samples (i.e. none can avoid drawing duplicate 
samples)

• Duplicate samples → loss of power due to 
increased variance of estimated p-value

2. Permutation Sampling, 
Duplicate Samples, & Power
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• Use “oversampling” to efficiently obtain a 
unique set of samples (no duplicates)

a. draw more samples than desired (r)
b. delete duplicates
c. randomly select the desired number (T) of 

samples from the remainder
d. recall PROC PLAN if fewer than T samples 

remain

• “Oversampling” preserves the uniform 
distribution sampling assumption of 
nonparametric permutation tests

3. Maximizing Power Under 
Conventional Monte Carlo
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• Draw just enough “extra” samples (r-T) to 
minimize expected runtime

• Expected Runtime = g(n1, n2, r, T) =
PROC PLAN RunTime * 
expected # of Calls To PROC PLAN = 
PPRT(r, [n1+n2]) *
CTPP(r, T, [n1+n2]!/[n1!n2!])

• Choose optimal r, r*, such that ∂g/∂r = 0

4. Efficiently “Oversample”
Based on Expected Runtime
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• PPRT(r,[n1+n2]) ªªªª ββββ0 + ββββ1*(n1+n2) + ββββ2*r + ββββ3*r *(n1+n2)

• CTPP(r, T, [n1+n2]!/[n1!n2!]) =

4. Efficiently “Oversample”
Based on Expected Runtime

( )

( )
( ) ( )

( ) ( )

1

1 2

1 2

1 2 1 20
1 2 1 2

!
1 !1 ! !

! !! ! ! !! ! ! !

jr i r

r
j T i

n n
j j in n

p n n n nj j i j in n n n

−

= =

  
 + 
  − −    =     +   + −  −            

∑ ∑



DataDataDataDataDataDataDataDataMMMMMMMMIIIIIIIIneneneneneneneneItItItItItItItIt SM

J.D. Opdyke

Page 9 of 29

MCP 2002

0.0

5.0

10.0

15.0

20.0

25.0

30.0

35.0

0 500,000 1,000,000 1,500,000
n1+n2

R
ea

l T
im

e 
(s

ec
on

ds
)

r = 1,901 2,700 3,500

GRAPH 1: PROC PLAN Runtime by r by n1+n2
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GRAPH 2: PROC PLAN Runtime by r by n1+n2
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GRAPH 4: Expected Runtime (1/p * one runtime) by r

(for n1=68, n2=4, and T=1,901)
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GRAPH 5: Expected Runtime (1/p * one runtime) by r

(for n1=68, n2=4, and T=1,901)
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• Precision required to numerically calculate r* 
is too high to do “on the fly” in SAS® for every 
n1 & n2

• However, since ∂g/∂r ªªªª 0 for r slightly > r*, we 
can approximate:
a. Define ranges based on combinations (n1+n2)!/n1!n2!
b. Pick suboptimal r*s corresponding to each lower 

bound to obtain largest r* for each range
c. Runtime of suboptimal r* ªªªª runtime of r* because 

∂g/∂r ªªªª 0 for r slightly > r* (see Graphs 4 & 5)

5. Approximate Optimal r*
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5. Approximate Optimal r*

1.0001603343237700.9998396913792041,902100,290,905 ££££ C < 5,031,771,045

1/p 
(lower bound)

p
(lower bound)

“low-end”
r*

C = (n1+n2)!/n1!n2!

1.0
1.0 

(assuming C ≥≥≥≥ T)CC < 10,626

1.0020749762805300.9979293203306672,13810,626 ££££ C < 52,360

1.0009425445982900.9990583429554711,95652,360 ££££ C < 101,270

1.0005706077151900.9994297176922961,934101,270 ££££ C < 521,855

1.0002735195516800.9997265552408081,912521,855 ££££ C < 1,028,790

1.0003589738754600.9996411549405411,9015,031,771,045 ££££ C

1.0000553876910500.9999446153765811,90325,637,001 ££££ C < 100,290,905

1.0000384072943500.9999615941807111,90410,009,125 ££££ C < 25,637,001

1.0004873983210200.9995128391203711,9081,028,790 ££££ C < 10,009,125
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• Permutation test p-values relying on any type 
of sampling will have actual size level (asl) > α

• ∴∴∴∴ either p-values or critical value (cα) should 
be adjusted

• Smaller variance of no replacement sampling 
(NR) fifififi smaller asl fifififi larger cα* fifififi larger power

• σ2
NR < σ2

WR fifififi aslNR < aslWR fifififi
cα*NR

> cα*WR
fifififi powerNR > powerWR

6. How Much Power Gain…?
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6. How Much Power Gain…?
• σ2

WR is based on the binomial,  σ2
bin =  nppq 

σ2
NR based on hypergeometric, σ2

hyp = nppq(N-np )/(N-1) 
(N = # possible samples, np = # permutation samples)

• σ2
bin > σ2

hyp fifififi σ2
WR > σ2

NR

• aslWR = Pr(S ££££ np*α | p) = 

• aslNR = Pr(S ££££ np*α | p) = 
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6. How Much Power Gain…?
• if (asl / α) is essentially constant close to α = 0.05, then 

cα* x (asl / α) = α
cα* = α2 / asl

• ∴∴∴∴ cα*WR
= α2 / aslWR and cα*NR

= α2 / aslNR

• power can only be obtained via simulation, but by CLT 
we know that asymptotically:

power =                              where δ = effect, zα = Φ-1(1- α) 

• powerNR ªªªª , powerWR ªªªª

1 nzα
δ

σ
 

− Φ −  
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*1
NRc

nz
α

δ
σ
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6. How Much Power Gain…?
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cα*NR
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Samples, np
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6. How Much Power Gain…?

0.99068
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PowerNR
δ = σ
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0.98137
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PowerWR
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PowerWR
δ=0.5σ
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PowerNR
δ=0.5σ

∆Power
δ = σ

∆Power
δ=0.5σ

# Permutation 
Samples, np

0.000330.001681,000

0.000100.000821,000

0.000040.000331,000

0.000010.000161,000

0.000170.000901,901

0.000040.000345,000

0.000010.000171,901

0.000050.000441,901
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7.  … At What Cost?
• Even for small N, np, and δ, approximate power 

gains from NR sampling are relatively small

• However, runtime cost also is small – typically 
less than 1%

• ∴∴∴∴ use NR permutation sampling unless cost of 
1% of runtime is high and cost of Type II error 
is low
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• For multiple study groups per control group 
(and/or multiple comparisons), code merges each 
group of original data to the PROC PLAN sampling 
output separately

• Separate merges avoids multiple outputting of 
control records for each corresponding study 
group (or each multiply-compared group)

• fifififi Huge runtime savings on sorts/merges of large 
datasets (see Graph 7)

• PROC MULTTEST, PROC NPAR1WAY, and PROC 
TWOSAMPL® do not have this option (Graph 7)

8. Speed Premium for 
Multiple Comparisons
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PROC MULTTEST, study/control=1, (n1+n2)<104h
PROC MULTTEST, study/control>1, (n1+n2)<104i
PROC MULTTEST, study/control=1, 104<(n1+n2)<105j
PROC MULTTEST, study/control=1, 105<(n1+n2)<1.5*106k
PROC MULTTEST, study/control=1, 106<(n1+n2)<1.5*107l
Looping in SAS® (see Jackson affidavit)m

PROC NPAR1WAY, study/control=1, 106<(n1+n2)<1.5*107g
PROC NPAR1WAY, study/control=1, 105<(n1+n2)<1.5*106f
PROC NPAR1WAY, study/control=1, 104<(n1+n2)<105e
PROC NPAR1WAY, study/control>1, (n1+n2)<104d
PROC NPAR1WAY, study/control=1, (n1+n2)<104c
Cytel’s PROC TWOSAMPL®b
PROC PLAN with “oversampling”a

MethodColumn
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9. Increased Power for     
Permutation-Style P-Value Adj

• Take a single step resampling method adjustment

• No-replacement sampling fifififi increased power from:

a) smaller variance of each pi* 

fifififi is stochastically larger than

fifififi

fifififi fifififi

*

1
min

NRj
j k

p
≤ ≤

*

1
min

WRj
j k

p
≤ ≤

0 0
1 1
min minPr | Pr |

NR WR

C C
j i j ij k j k

p p H p p H
≤ ≤ ≤ ≤

   ≤ < ≤   
   

) )NR WRa ai ip p<
) )a aNR WRpower power>
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9. Increased Power for 
Permutation-Style P-Value Adj

b) previous Monte Carlo error p-value adjustment 

fifififi

fifififi

fifififi

fifififi

0 0
1 1
min minPr | Pr |

NR WR

C C
j i j i

j k j k
p p H p p H

≤ ≤ ≤ ≤

   ≤ < ≤   
   

) )NR WRb bi ip p<

) )b bNR WRpower power>

NR WRi ip p<
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9. Increased Power for
Permutation-Style P-Value Adj

• ∴∴∴∴ use NR sampling for both permutation tests and 
permutation-style p-value adjustments to maximize 
power gain

fifififi

fifififi

• Same rationale applies to stepwise adjustments

0 0
1 1
min minPr | Pr |

NR NR WR WR

C C
j i j i

j k j k
p p H p p H

≤ ≤ ≤ ≤

   ≤ < ≤   
   

NR WRi ip p<

NR WRpower power>
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Contact:
• J.D. Opdyke, President

jdopdyke@datamineit.com
www.datamineit.com
203-249-4837

SM
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