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Massive and complex data

» Microarray
interesting genes?

» Neuroimaging (FMRI) » Astronomy
activated regions? directions with stars?

*

s
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Adaptative procedures

» Model: P = (H,I) with H € {0,1}" and I some “parameter”
» Type | error rates: Crit = FWER, FDR, P(FDP > «)
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» Build classical procedure R:

sup{Crit(R,P)} < and = «
P
» Build adaptive procedure R = R(l") :
VP, Crit(R,P) < and = «

* [ = proportion of signal: [Holm (1979)], [Storey (2002)], [Benjamini et al (2006)], [Sarkar
(2008)], [Blanchard and R. (2009)], [Finner et al (2009)], [Li and Barber (2017)], ...

* I = effect sizes of signal: [wasserman and Roeder (2006)], [R. and van de Wiel (2009)]....
* I = discreteness of the tests: [Tarone (1990)], [Heyse (2011)], [Heller (2012)], ...
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Dependence and multiple testing

» non-adaptive: survive to dependence
» adaptive: learn dependence
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Dependence and multiple testing

» non-adaptive: survive to dependence
» adaptive: learn dependence

» FWER:

» non-adaptive: [Bonferroni (1935)], [Benditkis et al (2015)], ...
» adaptive: [Westfall and Young (1993)], [Romano and Wolf (2005)], ...

» FDR:

. non-adaptive: [Benjamini and Yekutieli (2001)], [Sarkar (2008)], [Blanchard and R. (2008)],...
 adaptive: [Romano et al (2008)], [Barber and Candés (2015)]....

» FDP:

» non-adaptive: [Lehmann and Romano (2005)], [Romano and Shaikh (2006)]...
» adaptive: [Korn et al (2004)], [Romano and Wolf (2007)], [Guo et al (2014)], [Hemerik and
Goeman (2017)]...

3 Delattre and R. (2015). New procedures controlling the FDP via
Romano-Wolf’s heuristic. AoS.
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Setting

We observe
Xi Iz
Xo M2
= +N(0,1)
Xm Hm

» Mean : some u; = 0, some p; # 0 (u; > 0)
» Noise : various covariance I here known !

Indep. Equicorrelated 3-factor Real Life
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FDP approach

Procedure:

Step-up or step-down procedure with some critical values 7o, £ =1,..., m.
Crossing point ¢, thresholding at 7;
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FDP approach

Procedure:

Step-up or step-down procedure with some critical values 7o, £ =1,..., m.
Crossing point ¢, thresholding at 7;

# false rejections V(1)

FDP = 1V # rejections 1V R(r)
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FDP approach

Procedure:

Step-up or step-down procedure with some critical values 7o, £ =1,..., m.
Crossing point ¢, thresholding at 7;

# false rejections V(1)

FDP = 1V # rejections 1V R(r)

Aim
» Control the FDP : derive critical values 7, 1 < ¢ < m, s.t.
P(FDP(7;) > a) < ¢ (and = ¢) forall (u,T)

» Choose 7, = 74(I"), here I known
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Limitation of BH procedure

m = 1000, « = 0.2, { = 0.05, Equi-correlated p = 0.1

12

— New
— BH

— density
+ = 95% quantile

0 2 4 6 8

0.0 0.1 0.2 0.3 0.4 0.5

[Korn et al. (2004)], among others

Etienne Roquain Joint work with S. Delattre New FDP control under dependence Introduction 7/17



Romano-Wolf’s heuristic revisited

Calibrate critical values 7/’s :

Crossing point A(r;) = £ assume 7 = £,
P(FDP(74,) > o) = P(V(74,) > aR(74,)) = P(V(74,) = [abo] +1) < ¢
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Romano-Wolf’s heuristic revisited

Calibrate critical values 7/’s :

Crossing point A(r;) = £ assume 7 = £,
P(FDP(74,) > o) = P(V(74,) > aR(74,)) = P(V(74,) = [abo] +1) < ¢

e.g. using Markov’s inequality

Moy, mmy, H al|+1
P(V(r) 2 Lao) 1) < (7 T2 < g g Oves m = S
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Romano-Wolf’s heuristic revisited

Calibrate critical values 7/’s :

Crossing point A(r;) = £ assume 7 = £,
P(FDP(74,) > o) = P(V(74,) > aR(74,)) = P(V(74,) = [abo] +1) < ¢

e.g. using Markov’s inequality

”’OTéo my, ¢(lat]+1)
>
P(V(ry) > |alo] +1) < Talo] +1 = Tady] + 1 gives 7y = =55
Several other “bounding devices" adapting to dependence

» K-Markov
» Exact: for Z ~ N(0,T),
P(V(t) > k) <P(V'(t) > k) for V'(t) = 37, 1{®(Z) < t},
= Many new critical values !
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RW heuristic critical values

m=100, a=0.1, {=0.5

o
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RW heuristic critical values

m=500, a=0.1, {=0.05

o
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Theoretical study of RW’s heuristic

Finite sample:
P(FDP > a) <¢

» validation under indep. between null p-values and alternative p-values
[Guo et al (2014)], [Guo and Romano (2007)], [Romano and Wolf (2007)]

Etienne Roquain Joint work with S. Delattre New FDP control under dependence Introduction 10/17



Theoretical study of RW’s heuristic

Finite sample:
P(FDP > a) <¢

» validation under indep. between null p-values and alternative p-values
[Guo et al (2014)], [Guo and Romano (2007)], [Romano and Wolf (2007)]

» counter-example under equi-correlation
» two theoretically valid modifications of RW’s heuristic

Etienne Roquain Joint work with S. Delattre New FDP control under dependence Introduction 10/17



Theoretical study of RW'’s heuristic

Finite sample:
P(FDP > a) <¢

» validation under indep. between null p-values and alternative p-values
[Guo et al (2014)], [Guo and Romano (2007)], [Romano and Wolf (2007)]

» counter-example under equi-correlation
» two theoretically valid modifications of RW’s heuristic

Asymptotic:
limsup{P(FDP > o)} < ¢
m

» validation under weak-dependence (CLT for p-value process)

» validation under strong, positive dependence in a factor model
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A finite sample valid correction

Let I, = 1{V'(r;) > |a¢] + 1} and

i=1

V(1) = i1{$(Zi) <t}, Z~N(0,T)

o = = = Qe
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A finite sample valid correction

Let lp =1{V'(7) > |af] + 1} and
V/(t) = 21{5(2,-) <t}, Z~N(O,I)
i=1
Now bound

P(FDP(7;) > a) = P(V(7;) > |ad] + 1)

< zm: E(/,1{0 = ¢})
=1

= Xm:E(Iﬂ{f >0 - mi E(l1{{ > £+1})
£=1 £=1

- ezr_n; E((le — l—1)1{f > €})

< 52’1’1: E((le — le—1)+) :== B(T,m,T)
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A finite sample valid correction

Let lp =1{V'(7) > |af] + 1} and
V/(t) = 21{5(2,-) <t}, Z~N(O,I)
i=1
Now bound

P(FDP(7;) > a) = P(V(7;) > |ad] + 1)

< zm: E(/,1{0 = ¢})
=1

= Xm:E(Iﬂ{f >0 - mi E(l1{{ > £+1})
£=1 £=1

- ezr_n; E((le — l—1)1{f > €})

< ezi: E((le — le—1)+) :== B(T,m,T)

Then choose 7 to get B(r,m,I") < ¢
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[llustration : FNR relative to LR
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RW heuristic made asymptotical
Equi-correlated case

Xi=pi+pPW+(1-p)3G,1<i<m

=] = = Qe
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RW heuristic made asymptotical

Equi-correlated case
Xi=pi+pPW+(1=p)V2¢,1<i<m
Then,
P(V(r) > |al] +1) < P(V'(70) > |al] + 1) = P(F(7¢, W) > al/m)
for

1

F(t,W) = ((5_ (1) —p'2W)/(1 - p)1/2> increasing w.r.t. W
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RW heuristic made asymptotical

Equi-correlated case
Xi=pi+pPW+(1=p)V2¢,1<i<m
Then,
P(V(r) > |al] +1) < P(V'(70) > |al] + 1) = P(F(7¢, W) > al/m)
for

1

F(t, W)= ((6‘ (t)—p'2 W)/(1 - p)1/2> increasing w.rt. W

Choose F(Te,6_1 (€)) = at/m, so that,
P(F(re, W) = at/m) = P(F(ro, W) > F(70,® (())) =P(W > '(¢)) =¢
New critical values
= (0207 + (1 - )20 (at/m))
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Result

0.05 0.10 0.15 0.20
I I I I

0.00

Etienne Roquain Joint work wi

— (=005
- = (=025

|--- =05

-200

Delattre

0 200 400 600 800 1000

| under dependence




Result

& 4
c | = p=0
— p=01
— p=05
wn
a4
o
o
a4
o
n
3 |
o
— (=0.05
- = (=025
8 . 7=05
°© T T T T T T T
-200 0 200 400 600 800 1000

Theorem [Delattre and R. (2015)]

One-sided Gaussian p-equi-correlation; p € [0,1), mg/m — m € (0, 1), then

lim sup P(FDP(New) > «) < (.
m

Can be generalizedto Y; = ¢cW + &, ¢ >0
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Outlook

Conclusions : FDP control

» incorporating known dependence is possible
» RW’s heuristic can be justified in some cases
» and corrected otherwise

Perspectives

» more justifications of RW’s heuristic?
» unknown dependence (permutation?)
» p-value correction under equi-correlation
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Conclusions : FDP control

» incorporating known dependence is possible
» RW’s heuristic can be justified in some cases
» and corrected otherwise

Perspectives

» more justifications of RW’s heuristic?
» unknown dependence (permutation?)
» p-value correction under equi-correlation

Advertising

2-year postdoc position in France about post hoc inference
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On going work: p-value correction

Under equi-correlation
Xi=pi+pPW+(1=p)'2c,1<i<m.

How to “kill" W?
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On going work: p-value correction

Under equi-correlation

Xi=pi+p PW+(1-p)"2¢,1<i<m
How to “kill" W?
» X* = X; — X (add bias)
> X =Xi—p'PW
Semi-parametric estimation of W:
» u € R™unknown sparse signal my/m=>1—-cm=", 3 €[0,1)
» minimax estimation rate of W is

m~P(logm)~"

with v = 1/2 (two-sided) v = 3/2 (one-sided).
Todo: properties of BH based on X* = X; — p'/2W?

[Leek and Storey (2008)], [Friguet et al. (2009)], [Fan et al. (2012)]
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